THEOREMS OF THE ALTERNATIVE FOR COMPLEX
LINEAR INEQUALITIES*

BY
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ABSTRACT

The classical transposition theorems of Motzkin, Gordan, Stiemke and
others are extended to complex linear inequalities.

Introduction. Consider the system

(1) Ax =0, xeS

where Ae C™” and S is a polyhedral cone in C* (}). The existence of nontrivial
solutions (%) of systems like (1) is studied here in a sequence of theorems of the
alternative, each listing two systems such as:

(I) Ax =0, x nontrivial vector in S(?)

(II) A"y nontrivial vector in S*(?).
exactly one of which is consistent. These theorems have as corollaries the trans-
position theorems (*) and theorems of the alternative for linear inequalities, given
in the references, in particular the classical theorems of Motzkin [13] [14],
Gordan [6] and Stiemke [17].

0. Notations and preliminaries.
C"[R"] the n-dimensional complex [real] vector space
C™"[R™™"] the mxn complex [real] matrices
Y ={xeR"x, 20 (i =1,..-,n)} the nonnegative orthant in R".
For any Ae C™":

A€ the conjugate, AT the transpose, AT = A°T
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(%) See notations in §0.

(2) Nontrivimi here means nonzero or even that a subvector lies in the (relative) interior
of a given cone.

(®) A term explained by the fact that in the real case the system (II) uses the transposed
matrix AT,
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For any x, yeR":
x =y denotes x; = y; (i=1,--,n),x = y denotes x = y and x # y
x>y denotes x; >y, (i =1,--+,n)

For any x, yeC" (x,y) = yx

A nonempty set S in C" is a
(i) convex coneif S+ScSandifaz0 = aScS
(ii) pointed convex cone if (i) and if S N (—S) = {0}
(iii) polyhedral cone if S = BR%, for some Be C™
For any nonempty set S in C" let

S* = {yeC": xeS = Re(y,x) = 0} the polar of S, e.g. [3]
intS* = {yeC": 0 # xe S = Re(y,x) > 0} the interior of S*.
S* is a closed convex cone.
Since S* coincides with the polar of the smallest closed convex cone containing
S, e.g. [3], it suffices to study polars of closed convex cones. Thus for example
sets whose polars have interior points are characterized in:

LemMA 0. Let S be a closed convex cone in C*. Then int S* # & if and only
if S is pointed.

Proof. If: e.g. [7] Theorem 2.1.
Only if : Suppose S is not pointed,and thus contains a nonzero vector x together
with —x. Then for any yeintS*, Re(y,x) >0 and Re(y, —x) > 0, a contradic-

tion. Therefore intS* = F. O
Since S = S** if and only if S is a closed convex cone, e.g. [3] Theorem 1.5,

it follows that for a closed convex cone S, int S defined byint S = {xeS:0
# yeS* = Re(y,x) > 0}, is nonempty if and only if S* is pointed.

Another result needed below is the following solvability theorem (3.5 of [3])
for polyhedral systems:

TueoreM 0. Let Ae C™", be C™ and let S be a polyhedral cone in C*. Then
Ax = b, xeS
is consistent if, and only if,

AByeS* = Re(b,y) = 0.
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1. Results. All the results that follow are formulated as theorems of the
alternative, each listing two systems denoted by (I) and (II), exactly one of
which has solutions.

The main result is:

THEOREM 1. Let
AjeC™  (i=1,-,4) A, #0, A, #0, T a polyhedral cone in C™
S; polyhedral cones in C™, (i =1,2,3), S, and ST pointed.

Then exactly one of the following two systems is consistent:

4 0#x,€8;, x,€8,
@ Ax,;eT, {or }, X3 €8,
=1 x;€8;, xeintS,

(D ye —T*, AlyecintS¥, 03 AfyeS}, AlyeS}, 4%y =0

Proof. (1) and (II) cannot have both solutions, for then

4 4
0 = Re ( > Aix,.,y) (since Y AxeT, ye -—T*)
i=1

i=1
4
= X Re(x,4]y)
i=1

> 0, by (), (Il) and the definitions of int ST and of intS,.

Suppose now that (I) is inconsistent, Then

Al Az A3 A4 X1

(2) I 0 0 0 X2 e’I’xS1X52X53=>x1=03ndx2¢int52'
0 I o0 o X3
¢ 0 I o X4

The first conclusion in (2) is rewritten as follows:
For any zeC™:

—Al "'Az —A3 _A4 xl Z xl
(3) I 0 0 0 xz G(—T)XSI XSZ XS3=>RC( 0 X2 );0
0 I 0 0 [[x 0| |x,

0 0 I 0 Jix 0) lxg
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By Theorem O this is equivalent to:

The system
(_4% 1 0 o) [y (2] [y]
-420 1 0| |u 0 u
@ 2 = s e(—T*)xSFxS¥xS%
-4 00 I v 0 v
(-4 0 0 0] .wJ L0J Lw)

is consistent for any ze C". For a choice of z with —zeintS}, the system (4)
gives:
ye—T* AYy = —z+ueintS} (since —zeintS}, ues})

&)
Ay = veS) Ay = wesy 4fy =0

The consistency of (5) proves that of (II), if the existence of v 0 in (5) can be
shown. Suppose that no such v exists. Then

[t
AY
©) A 1 ye(—T*)xSTxSFxS¥x{0} = ATy =0
AH
3 = Re(d4,z,y) = 0 for any ze C".
LAE J

(6) is equivalent by Theorem O to the consistency of
4

(7 xo+ X Aix; = Ayz,x0e —=T,x,€S;, X,€8,;,%3€8;,x,€ C"forany ze C".

i=1
If z is chosen so that —zeintS, then (7) gives
Alxl + Az(x2 - Z) + A3X3 + A4X4 = =Xp€ T

8 . . .
®) x,€8,, x,—zeintS, (since —zeintS,, x,€S,),X3€S;

which contradicts the second conclusion in (2). This completes the proof. O

Related results are:
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THEOREM 2. Let T, A;, S; (i = 1,3,4) be as in Theorem 1. Then exactly
one of the following two systems is consistent.

(D Apxy+ Asxs+Ax,eT, 07#x,€8;, x3€8;

) ye-T*, AlyeintS¥, AfyesS} 4Afy =0

Proof. Delete 4,, S,, x, from the proof of Theorem 1, and follow that proof
until (5) which completes the present proof. Od

THEOREM 3. Let T, A;, S; (i = 2,3,4) be as in Theorem 1. Then exactly
one of the following two systems is consistent.

(D Ax,+ Azx;+ Ax4eT, x,eintS,, x;€8;

(I) ye—-T*, 05 AyeS} Alyes} diy=0

Proof. Similarly delete A;, S;, x; from the proof of Theorem 1, and adapt
that proof. O

Some consequences of these theorems are:

CoRrROLLARY 1. (Slater [16])

Let

AieRme; (i=1,-,4), 4, #0, 4,# 0

Then exactly one of the following two systems is consistent.
4 X1 g > X2 g 0
@O XAx;=0, {or }, x3 =0

=20, x,>0
(I) Ajy>0, Ajy20, A720, Aiy=0

Proof. Take everything in Theorem 1 to be real with T = {0} and S; = R%,

(i=1,-,4). O
COROLLARY 2. (Motzkin [13], [19])
Let

A, eR™™,  (i=1,3,4), A, #0.

Then exactly one of the following two systems is consistent.
(I) Alxl -+ A3X3 + A4X4 = O, X1 g 0, x3 g 0
A[>0, A3y20, 4ly=0
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Proof. Similarly follows from Theorem 2, O

CoroLLARY 3. (Tucker [18], [19])
Let

A;eR™™  (i=2,3,4), A,#0.
Then exactly one of the following two systems is consistent.
(D) Ayx, + Azx3+A4x4 =0, x,>0, x3=0
Ajyz0, A3y20, Ajy=0
Proof. Similarly follows from Theorem 3. O

Taking Ay = A4 = 0 in Corollaries 2 and 3 gives the transposition theorems
of Gordan [6] and Stiemke [17] respectively.

These transposition theorems were generalized to the complex case by Mond
and Hanson [11], [12]. The following notations and observations are needed
to cite one of their results:

For aeR}: a < /2 denotes o; < #f2 (i = 1,+-,n)

For aeR’, zeC™

largzl < a denotes largz,-l Sa; (=1,-,n)

For aeR%, « £ m/2, S = {z:|argz| £ a} is a polyhedral cone and its polar

is §* = {z:|argz| S n/2 — o}, e.g. [3], example 1.2(¢).

CoroLLARY 4. (Mond and Hanson [117])
Let 11:

AeC™™  (i=1,3,4), 4, #0, acR%, o < 2.
Then exactly one of the following two systems is consistent.
() Ayx,+Asx;+ Agxs =0, Imx =0, Rex; 20, |argx;[Sa
() Redfy>0, |argdiy| < g-—a, Ay =0
Proof. Follows from Theorem 2 with
T = {0}, S,=R%Y (in C"), S;={z:|argz| < a}. O

The other complex transposition theorems of Mond and Hanson [12] similarly
follow from the above theorems.

2. Remarks. (i) The following (real) example shows that Theorem 2 cannot
be extended to general (non polyhedral) closed convex cones.
Let
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m=3 1
T = all vectors in R> forming an angle <45° with 0
~1
ro
n, =1, §; = 1, S, = R, (the nonnegative reals)
L 0
(0 0 09
ny,=3, A;= {0 1 0|, S;=allvectorsin R? forming an angle
L0 0 1
1
< 45° with | 0
1

Then neither (I) nor (IT) of Theorem 2 are consistent.

(ii) The solvability Theorem O can easily be shown to follow from Theorem 2.
Thus Theorems 0, 1, 2 and 3 are equivalent. See also [1] where the equivalence
of Corollaries 2 and 3 is proved.

(iii) The above theorems of the alternative and transposition theorems are
sometimes more convenient in applications than the (logically equivalent) solva-
bility theorems such as [5], [4] or Theorem 0 above. For applications of trans-
position theorems see for example [10], [12], [14], [15] and [19].
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